In this paper we present a mathematical model for the reaction between calcium carbonate (CaCO 3 ) and a solution containing sulfuric acid (H 2 SO 4 ). We assume that Ca 2+ ions (liberated on the reaction surface) react with SO
Introduction
The problem of acid mine drainage (AMD) treatment is certainly one of the most challenging and critical in mining industry, since it encompasses a series of complex phenomena that may lead to dramatic pollution problems, [6] . Among the various processes occurring in a treatment plant, neutralization is surely one of the most significant, since it allows to buffer the waste effluent to a pH which is not environmentally-threatening. Limestone (i.e. CaCO 3 ) is definitely the least expensive neutralizing agent and it is widely used for this purpose (especially in pulverized form), even if some concerns are expressed about its relatively slow reaction rates and possible coating (armoring) of the limestone surface by solid precipitates. A predictive model that evaluates and quantifies the efficiency of a neutralizing system (accounting for phenomena like precipitation and armoring) is undoubtedly a useful tool for designing neutralizing devices (e.g. cartridges).
To this aim, in the last few years, we have developed a series of mathematical models that describe the evolution of a neutralizing system and where the neutralizing agent is calcium carbonate (see [3] , [4] , [5] ). These models have been proposed for different geometrical settings and both in static and dynamical regimes. In this paper we propose a mathematical model for the neutralization of a sulfuric acid solution (H 2 SO 4 ) by means of marble (CaCO 3 ). Differently from some previous papers on this topic , here we also take into account the so-called "armoring" phenomenon, i.e. the formation of an insoluble precipitate (calcium sulfate, CaSO 4 ) that settles (because of gravity) on the reacting surface, hindering the neutralization process. The armoring phenomenon is indeed a very challenging one, since it involves many parameters such as solubility product constant (K ps ), ions diffusivity, turbulence of the chemical environment and interactions between the insoluble formed species. The armoring can be due to many chemical species among which there are iron hydroxides and oxyhydroxides, metal hydroxides in general (Aluminium et al) and insoluble salts (see [10] ). The formation mechanisms are multiple, depending on the precipitating chemical species and environmental conditions and may include different states as gels, colloids et al. After the first crystal/molecule is formed, the species can evolve in different ways, some of which bring to dispersions that do not affect the neutralization process, while others generate a precipitate that coat the other chemical species present inside the system, making them incapable to react. The precipitation times can be various, ranging from seconds to day or even weeks and they mainly depend on ions concentrations, solubility product and turbulence. The present work focuses on calcium sulphate (CaSO 4 ) chiefly because of the high concentration of calcium and sulphates that can be found in the acid mine drainage to which the present model is aimed. We stress also that this is the simplest species to model, especially for what concerns the parameters required by the model, that are unavailable for more complex compounds like oxyhydroxides (i.e. lepidocrocite, feroxyhyte, goethite et al).
The sulfuric acid H 2 SO 4 -which is dissociated in SO The problem is proposed in a simple 1-D geometry and in a static setting (see Fig. 1 ), assuming that the precipitate motion is driven only by gravity whereas the motion of the ions is driven only by diffusion. We suppose that the incoming flux of 2H + and SO 2− 4 ions at the "top" free surface x = L is proportional to the concentrations of such ions at x = L (Robin boundary condition). We also assume that the only source of Ca 2+ ions is at x = 0 (where they are produced by the reaction between H 2 SO 4 and CaCO 3 ).
We suppose that the thickness of the "coating" layer is by far smaller than the other characteristic lengths of the system so that we can neglect the problem of its growth (i.e. a free boundary problem). Further we assume that the consumption of the marble slab occurs on a time scale scale which is substantially larger than those of the other phenomena and therefore we neglect this phenomenon as well. Finally we suppose that the neutralization reaction rate γ depends on the superficial density S of precipitated calcium sulfate deposited on the reacting surface (armoring) and we postulate the existence of a threshold beyond which neutralization ceases. In particular we suppose that γ is a decreasing function of S, since an increase of the precipitated CaSO 4 on the reacting surface entails less efficiency in the neutralizing process.
We demonstrate that the system is multi-scale in time and space and we see that there exists a "fast" time scale in which all the diffusive phenomena can be safely neglected. This time scale is characterized by the presence of "thin" boundary layers outside which the variables can be considered spatially homogeneous (bulk). We prove that in the bulk the system reduces to a nonlinear system of differential equations whose solution depends on the efficiency of the armoring phenomenon (parameter Υ) and on the the rate at which ions H + and SO 2− 4 are provided on the free surface (parameter ω). In particular we study the case in which the solution is slowly stirred.
We solve the problem numerically and we determine the "critical" values for Υ, ω for which armoring/neutralization is activated/inhibited.
The physical model
Assume to have a beaker filled with a solution of H 2 SO 4 (sulfuric acid) and assume that a slab of CaCO 3 (marble) is placed horizontally inside the beaker as depicted in Fig. 1 . In a neighbourhood of the marble surface the following reaction 1 occurs
In the solution the Ca 2+ and SO Fig. 1 . We denote by x = 0 the position of the reacting surface and with x = L the free surface of the solution. We suppose that the thickness of the film of CaSO 4 formed on the slab is so small that it can be neglected and we also neglect the problem of the consumption of the slab. The system is static and diffusion is taken as the only driving force for the displacement of the ions. We introduce the following molar concentrations
(ii) g(x, t) moles of SO We define the solubility product
so that when K(x, t) > K ps precipitation occurs. The molar mass balance equations for c, g and h are
where the diffusivities D c , D h , D g are supposed to be constant (see [9] ). We notice that the sink/source term for H + ions is null since these ions are not added or removed inside the solution. The sink term for g and h may be, on the other hand, different from zero, since these ions react to form the precipitated calcium sulfate. Of course q 0 assuming the same values in both (4), (5) because of reaction (2).
A simple choice for q can be made assuming that this rate is proportional to the difference between the solubility product K and the K ps (i.e. the more K exceeds K ps , the faster precipitation occurs), namely
where we have taken the positive part because precipitation does not occur when K(x, t) ≤ K ps . Evidently other choices are possible and actually q should be determined experimentally. In general one can write q as a function
where the Heaviside step function H guarantees that precipitation does not occur for K(x, t) ≤ K ps . The concentration of precipitated calcium sulfate s(x, t) satisfies a transport equation (we assume diffusion is negligible for s) of the form
where v(s) is the modulus of the velocity (which depends on gravity and is such that v 0) of the precipitated particles. We assume thermodynamical equilibrium so that the source term for s is equal to q.
Initial and boundary conditions
Let us assume that the initial conditions for problems (3)- (5) are given by the non-negative constants
The last condition comes from the assumption that initially there are no Ca 2+ ions dissolved in the solution. From reaction (1) we observe that the ratio between the initial molar concentrations
since every mole (p.u.v.) of H 2 SO 4 is made up of one mole (p.u.v.) of SO
2− 4
and two moles of H + . Taking c in = K ps /2 (which corresponds to a highly acid solution, pH≈ 1) we get g in = K ps = O(10 −6 ) moℓ/cm 3 , that is a typical concentration of a strongly acid solution (see [9] ). Hence the initial boundary conditions can be rewritten as
Let us now consider the boundary conditions for c, h and g. From reaction (1) we see that the rate at which Ca 2+ ions p.u.v. are liberated on the reacting surface must be equal to twice the rate at which H
while the rate at which Ca 2+ ions are consumed because of precipitation must be equal to the rate at which SO
Hence the overall rate of change of Ca
On the boundary x = L we assume mixed (Robin) boundary conditions for c and g (10) where ω represents the injection rate of "fresh" solution at x = L. In practice we are assuming that at x = L the beaker is continuously fed with a new acid solution (with c = c in and g = g in ) that replaces the existing one. Recalling
(11) On x = L we also write the homogeneous Neumann boundary condition
where the flux of Ca 2+ is set to zero because these ions are produced only on x = 0. On x = 0 we write
because SO 2− 4 are not produced/removed on the bottom surface. Recalling (3)-(5) and recalling (11) , equation (9) can be rewritten as
The boundary condition for problem (6) is s(L, t) = 0 (see [1] ) and, assuming that initially the solution does not contain precipitated CaSO 4 , we write the initial condition as s(x, 0) = 0. The overall rate of change of H + ions is due to the reaction with the marble surface and the injection of fresh solution, namely 
where γ(S) is the reaction rate ([γ] = cm/sec )which is assumed to be a non increasing function of the superficial density S of solid calcium sulfate that has deposited on x = 0 (see [3] for a derivation of the reaction kinetics). In (13) c o > 0 is the concentration of ions H + at neutralization. The quantity S is obtained integrating w.r.t. time the flux of precipitated calcium sulfate on x = 0, namely
The function γ must be non-increasing, whence γ
where S ∞ > 0 is a typical value for the superficial density of deposited CaSO 4 and Γ is the rate constant of neutralization when armoring is not effective (i.e. when S = 0: see [3] where a model to infer the value of Γ is presented). In (15) the parameter Υ is an adimensional parameter related to the efficiency of armoring (it must be determined experimentally). We have i) When Υ = 1 neutralization stops when S = S ∞ ;
ii) When Υ > 1 neutralization stops when S = S ∞ /Υ < S ∞ ;
iii) When Υ < 1 neutralization stops when S = S ∞ /Υ > S ∞ ; 
Sedimentation
In this section we show how to write the transport term s · v(s) appearing in (6) . Let us consider the representative elementary volume V T centered at some x ∈ [0, L]. Such a volume is decomposed in a solid and a liquid part:
where φ s and φ l are the solid and liquid volume fractions respectively. Clearly φ s V T = V s and
where N s is the number of solid CaSO 4 moles in V T and ρ s is the molar density of solid CaSO 4 . Recalling that s represents the number of moles of precipitate per unit volume of solution we have
In terms of the solid volume fraction φ s the transport equation (6) is typically written using the Richardson-Zaki empirical formula (see [11] ) for the convective term, namely
where φ so < 1 is the volume fraction at dense packing (colloidal gelification), k is an empirical parameter and where v ∞ is Stokes velocity
In (17) we are tacitly assuming that precipitated CaSO 4 is formed by solid spheres of uniform radius R, g being gravity, ̺ s , ̺ l being the "densities" (mass per unit volume) of the calcium sulfate and of the solution respectively and µ being the dynamic viscosity of the solution. In the dilute limit (φ s ≪ φ o ) the convective term in (16) can be expanded, so that, neglecting o(φ 3 s ) terms, we get the following Burgers' equation (see [1] )
When written for s(x, t) equations (16) and (18) become
where s o = ρ s φ so .
Non dimensional problem
In this section we write the mathematical problem in a non-dimensional formulation, showing that there exists a peculiar time scale in which diffusive processes can be safely neglected. We adopt the following rescaling
where T is a characteristic time to be specified. Omitting the tilda to keep notation simple we get the following problem for c(x, t)
where
and where we have set
Remark 2. In the case of a dilute solution (see (20) ) the velocity v(s) is linear in s
The problem for h(x, t) is
where we have set
The problem for g(x, t) is
The problem for s(x, t) becomes
We [7] , [8] , [9] , [3] . A few words must be spent on parameter α. From [8] we know that a typical value for the precipitaion rate at 22 o C for particles of average grain size 50 µm is 10 −9.5 mol/(cm 3 · s). Therefore from the knowledge of K ps we have We immediately notice that the diffusive characteristic times T c , T h and T g have order of magnitude O(10 2 ∼ 10 3 ) gg, while the characteristic times T γ , T α are O(10 −1 ) gg. The characteristic times and T s , T s∞ are O(10 −2 ) gg. Moreover we observe that δ and ζ can be safely neglected as long as c = O(1) and s = O(1) respectively. Therefore the problem is multiscale in time and can be simplified according to which time scale we decide to focus on. In conclusion we can assert that the problem has substantially two time scales (I) Transport, armoring, neutralization, precipitation: O(hours)
(II) diffusion: O(years)
In this paper we will focus only on the "fast" time scale (I), showing that in this case the system of PDEs reduces to a system of nonlinear ODEs that can be solved numerically. We conclude this section with the following remarks Remark 3. Notice that so far we have not specified the values of ω and Υ, since we will use these parameters to determine the "most efficient" neutralizing system. In particular we will fix the value Υ -which corresponds to select a particular choice of the minimum superficial density of CaSO 4 required to inhibit neutralization -and determine the maximum values of ω that guarantees complete neutralization.
Remark 4.
We remark that, since δ, ζ ≪ 1, we have that (21) 4 becomes (see also (22))
Moreover equation (23) 1 becomes linear
∂s ∂t − T T s ∂s ∂x = T T α [K − 1] +
The problem in the fastest time scale
Let us select T = T s∞ as characteristic time, i.e. the fast time scale. We notice that the coefficients of the second derivatives of the PDE's in (P c ), (P h ), (P g ) becomes
These coefficients define the following adimensional boundary layers
Hence, in the characteristic time scale T s∞ , we have three boundary layers whose width is O(1 mm ). Outside these boundary layers, that is in the bulk of the solution, the ions concentrations c, h and g will therefore depend on time only, meaning that no significant variation along the spatial coordinate is observed in the time scale T s∞ (or analogously T s ,T α , T γ ). To write the problem for this special case let us go back for a moment to dimensional variables. It is easy to see that in the fast time scale the molar mass balance for the molar concentrations c, h, g reduces to the following system Returning to non-dimensional variables we see that problem (25) becomes
are non dimensional quantities. The problem for s becomes
We notice that, using the typical values introduced in Section 5, σ, β, ψ = O(1), while θ and Υ have to be specified (see Remark 3). In practice we have shown that in the fast time scale the problem reduces to a system of 3 ODE's coupled with a linear first order PDE.
The case of a slowly stirred solution
Suppose that the solution is gently stirred so that the concentration of solid particles of CaSO 4 does not depend on x and the neutralization rate γ in dimensional variables is given (see Remark 1)
In this case we can get rid of the convective term in (27) 1 , so that in conclusion problem (26)-(27) reduces to
By the sign preserving theorem for continuous function (which holds assuming that g and h are at least continuous), there exists a time interval [0,t) in which hg < 1. This occurs because initially the term [hg − 1] + = 0, since h(0) = 0. In this time interval precipitation (and hence armoring) does not occur and the the problem reduces to
Integrating we get
This solution is valid in a time interval [0,t] witht such that h(t) · g(t) = h(t) · 1 = 1. We define
and notice that ∂Σ ∂t > 0, and that Σ(0) = −1, Σ(∞) = ∞. Therefore there exists only one timē t(θ) > 0 Σ(t; θ) = 0, or equivalently such that h(t) = 1. In particular we observe that (29) can be used to give an estimate of timet. Indeed, from the definition of Σ we know that at time t =t
that recalling (29) yields
Now, since c ∈ (0, 1) we get
Therefore we have proved the following
Proposition 1. There exists a finite time interval (0,t) such that c, h,g are given by (29)-(31) respectively, witht satisfying inequalities (32).
Remark 6. In the limit θ → ∞, which corresponds to an infinite (instantaneous) rate of replacement of "fresh" solution, we get c ≡ g ≡ 1 and h = σt in (0,t). In this case precipitation starts at timet = σ −1 .
The problem in the fast time scale without stirring
If we now consider the problem without stirring we have to take into account the transport problem (27). We begin by studying the PDE for s(x, t). From (26) 5 and (27) 1 ∂s ∂t − ψ ∂s ∂x
The characteristics of (33) are the straight lines ψt + x = const so that
Recalling thatṠ = s(0, t) we geṫ
The system to be solved now becomes
which is a nonlinear integro-differential system. 
Some qualitative results
In this section we prove some analytical results for problem (34). Let us multiply (34) 2 by g and (34) 3 by h. Summing up we geṫ
For t =t we have (recall that h = 1, g = 1 and S = 0 in t =t)
where we recall that
Hence there exists a time interval (t,t), finite or infinite, in which hg > 1 (t (see Fig. 2 (A) ). Differentiating (34) 3 we geẗ
where we have omitted the positive part because hg > 1 in (t,t). We havė g(t) = 0 and g(t) = 1 since g(t) ≡ 1 in [0,t] (see Fig. 2 (B) ), so thaẗ g(t) = −βḣ(t) < 0, sinceḣ(t) = σc(t) > 0. Therefore in a right neighbourhood oft the function g is decreasing. Now, suppose there exists a timet >t such that g(t) = 1, i.e.t is the first instant at which g attains again the value 1 (see Fig. 2 (B) ). At instantt we getġ = −β[h − 1] + ≤ 0, which can be true only ifġ = 0 (this because g < 1 in (t,t) and the derivative in t =t must be non-negative, see again Fig. 2 (B) ). Hence in t =t we have g = 1 andġ = 0, implying, from The functions h(t)g(t) and g(t).
Therefore, from (34) 2 ,ḣ
Nowḣ(t) ≥ 0 and h(t) ≤ 1 implies that, in a left neighbourhood oft, h(t) ≤ 1 (case I), unlessḣ(t) = 0 and h(t) = 1 (case II).
(CASE I) In this case we have h(t) ≤ 1 in (t − ε,t) with g satisfying
whose unique solution in (t − ε,t) is g = 1. This is a contradiction, since we were supposing thatt is the first time at which g = 1. Therefore the only possible case is Case II.
(CASE II) In this case we have g(t) = h(t) = 1 andḣ(t) = 0 so that, from
If we assume that c(t) = 0 then, by (34) 1 , we getċ(t) = θ. This leads to a contradiction since, by the continuity of c, there should exist a time t * <t where c(t * ) = 0 withċ(t * ) ≤ 0, which is impossible sinceċ(t * ) = θ > 0. Hence we conclude that [1 − ΥS(t)] + = 0, which means that for t ≥t neutralization is not effective (the coating film due to armoring has completely inhibited neutralization). The equation for c then becomesċ = (1 − c)θ, t ≥t, which yields
The problem for h and g then becomes
which admits a unique solution h = h(t) ≤ 1 and g(t) ≡ 1 for all times. Therefore we have prove the following Proposition 2. If at some timet >t we have g(t) = 1, then c(t) is given by (38), g(t) = 1 and h = h(t) ≤ 1 for all t ≥t. As a consequence g(t) ≤ 1 for all times.
Moreover suppose that the timet < ∞, i.e. suppose that there exists a finite timet such that h(t)g(t) = 1 (see Fig. 2 (A) ). Then, from (35)
From Proposition 2 we know that g ≤ 1 for all times so that h(t) ≥ 1, since hg = 1 for t =t. Henceḣg(t) ≥ 0 which can be true only ifḣg(t) = 0 (recall that hg > 1 in (t,t), see again Fig. 2 (A) ). Therefore, from (40), we have
(41) We have found that h(t) ≤ 1 (whereas we were supposing h(t) ≥ 1) and hence we conclude that h(t) = 1 that, in turn, implies g(t) = 1, since h(t)g(t) = 1. Hence we are once again in the hypotheses of Proposition 2 with only one difference: the system (39) has now h(t) = 1 has initial conditions, which leads to h(t) = g(t) ≡ 1 as solution. Therefore we can state the following and g(t) ≡ h(t) ≡ 1 for all t ≥t. As a consequence g(t)h(t) ≥ 1 for all t ≥t.
Coupling Proposition 2 and 3 we get the following theorem Theorem 1. For all times t >t we have g(t) ≤ 1 and h(t)g(t) ≥ 1, implying h(t) ≥ 1.
As a consequence we have Corollary 1. If there exists a timet such that g(t) = 1 then g(t) ≡ h(t) ≡ 1 for all t >t.
The proof of this corollary is trivial.
Simulations
In this section we present and comment some numerical simulations for system (34). In particular we show how the solutions depend on the parameters Υ and ω and how these parameters depend on each other. We perform some numerical simulations of system (34) and plot the evolution of c(t) (i.e. the evolution of pH). We have selected four values of Υ (ranging from 0.01 to 10 as shown in Figures 6-?? ) that correspond to different "effectiveness" of the armoring. Then we have solved numerically system (34) for some values of ω starting from ω = 10 cm/s and progressively decreasing the injection rate. For each simulation (and thus for each Υ) we have determined the greatest value of ω for which complete neutralization is achieved. We have called such a value ω N = ω N (Υ), so that ω N represents the maximum rate at which we can supply "fresh" solution and obtain complete neutralization of the waters (of course within the time scale of neutralization). This means that, for a fixed Υ and for ω > ω N (Υ), the solution will return to its initial pH after a finite time and complete neutralization is never achieved. We show (see the Table below) that the function ω N is a decreasing function of Υ and this means that as armoring becomes more effective (increasing Υ) the maximum flux that guarantees utter neutralization decreases (as physically expected). 
Conclusion and Perspective
We have proposed a one-dimensional model for the neutralization of an acid solution (H 2 SO 4 ) by means of a reacting material (CaCO 3 ). We have considered the possible formation of a coating thin film (armoring) and we have evaluated the effects produced on the neutralizing process. We have found that the problem has a multi-scale structure in time and space and in particular we have seen that the diffusive time scales are by far larger than the other time scale of the system (armoring, neutralization, etc.). We have focussed on the "fast" time scale showing that in this case the set of PDEs that form the mathematical problem reduces to a nonlinear integrodifferential system. For this peculiar problem we have proved some analytical result and performed some numerical simulations showing the evolution of pH.
The problem considered is clearly a simplification in which some important phenomena have been neglected. A first extension of the model studied here is to study the system in the diffusive time scale, in which the variation along the spatial coordinates cannot be neglected. Moreover one could analyze the system in a dynamical setting (as we did for the sole neutralization in [4] ) and take into account the evolution of the coating layer and the consumption of the slab (free boundary problem).
